I conjecture non-zero bare masses for nearly standard-model photons or gluons, derived from quantum-mechanical localization at a cosmological scale. That entails the existence of photon or gluon Bose-Einstein (BE) condensates in a comoving Friedmann-Lemaitre-Robertson-Walker geometry. I derive tantalizing results that set the inter-particle distance in these BE condensates almost at the nucleon scale and a corresponding critical temperature of condensation almost at the end of the quark epoch or the beginning of quark-gluon confinement. My estimates for particle mass and number density in these BE condensates suggest remarkable relations among fundamental constants, h, c, G, , at the most microscopic and cosmological scales of quantum and relativity theories.
Introduction
The theory of quantum mechanics (QM) and quantum fields (QFT) on the one hand, and the theory of general relativity (GR) on the other hand, form the two greatest pillars of modern physical science. Each theory accounts for phenomena on a vast range of scales, where each theory has been confirmed with astonishing precision by experiments and observations conducted with instrumentation of unprecedented sophistication or size. Yet ranges of primary success of each theory do not quite overlap. A unified theory that may encompass 'all' scales of the observable universe remains to be conclusively established. That poses more and more formidable challenges, but scientific progress advances relentlessly.
In this paper I examine a relation, based on the uncertainty principle, between the smallest of scales for particle masses and the largest of scales for the size of the observable universe. That leads to the hypothesis that 'dark energy' associated with the cosmological constant, , may consist of Bose-Einstein (BE) condensates of massive photons or gluons at rest in the freely falling comoving frame of the Friedmann-Lemaitre-Robertson-Walker (FLRW) geometry. I formulate my ideas at an elementary level, although either proving or disproving any aspect of them is far from elementary. Thus I will also provide some introductory context to my formulation.
FLRW geometrodynamics
The cosmological principle and observation that our universe is homogeneous and isotropic on a very large scale leads to a relatively simple Robertson-Walker (RW) metric: see, for instance, Ref. [1, p. 362] or Ref. [2, p. 343 ]. Solutions of correspondingly symmetric Einstein field equations lead to two Friedmann-Lemaitre (FL) equations for the dynamical evolution of the 'scale factor' R(t) of the RW metric, as a function of 'cosmic time' t: see, for instance, Ref. [1, p. 379] or Ref. [2, p. 355] . I refer to that metric evolution as FLRW geometry or geometrodynamics.
The FL equation for [d R/dt] 2 contains an effective repulsive or 'anti-gravitational' potential, −c 2 R 2 /3. Einstein's positive cosmological constant, , can be further reinterpreted as resulting from a relativistic 'perfect fluid' with a negative pressure or tension, p , opposite to the energy density, ρ . The 'dark energy' density of our accelerating observable universe is currently estimated to be [1, 2] 
where m p c 2 938 MeV represents the proton rest-energy mass. I assume that ρ has remained constant since the end of 'inflation' at about t ∼ 10 −32 s, although ρ hardly affected the decelerating expansion of R(t) till much later, when it turned into an accelerating expansion around 7 × 10 9 years.
There is no classical analogue of hydrodynamic equations for perfect fluids having − p ρ : see, for instance, Ref. [3, p. 298 ]. However, there is no contradiction with that either, since forces on fluid elements actually derive from pressure gradients. In fact, 'freely falling outward' associated with negative pressure in a GR perfect fluid can be understood intuitively and formally in a number of ways, beside direct inspection of the FL equation for d 2 R/dt 2 Eventually, the effective repulsive potential −c 2 R 2 /3 will dominate the time evolution in the FL equation for [d R/dt] 2 . That will approach an exponentially accelerating de Sitter universe, reducing to an event horizon √ 3/ for all future times [4] . In the FLRW geometry, the average energy density of either baryonic matter, ρ bm , or 'dark matter,' ρ dm , scale as R −3 , as generally expected for energy-matter densities. However, the 'dark energy' density, ρ , is a fundamental constant, independent of R. That is why 'dark energy' eventually prevails and accelerates the cosmic expansion of R(t).
What may contribute to 'dark energy'
In order to build a bridge between FLRW geometrodynamics and QFT, I conjecture that λ g h m g c ∼ 1 10 10 ly.
Here, λ g refers to the Compton wavelength of either photons or gluons as described in the standard model (SM) of elementary particles, except for having acquired a certain minimal but still finite mass m g . While a Compton wavelength for electrons, λ e 2425 f m, was originally introduced to characterize their scattering of massless photons, λ m h mc maintains a more general and profound meaning in QFT. Indeed, λ m enters the uncertainty principle as a localization that entails the creation of a rest mass with energy mc 2 , according to special relativity (SR). Correspondingly, λ m enters explicitly or implicitly most fundamental QM and QFT equations for massive particles and fields.
In Eq. (2), the 'comparable' ∼ sign indicates that numerical coefficients, most likely different for photons and gluons, should enter into precise relations if or when quantitative theories are developed. At this stage, connecting through the m g mass most fundamental constants of quantum mechanics and relativity, such as h, c and , across most microscopic and cosmological scales, provides just a tantalizing clue, somewhat complementary to that of Planck scale, but in the opposite infra-red limit. However, G does not enter directly into Eq. (2), nor does any other coupling constant of electroweak or strong interactions. Thus, Eq. (2) reflects exclusively a 'minimal cosmological quantum-localization principle' for particles physically confined within our observable universe, namely particles that could otherwise be theoretically massless in an infinite Minkowski space-time without scale.
Assuming Eq. (2), the conceivably minimal cosmological rest-energy mass of nearly gauge bosons is of the order of
Upper bounds to the photon rest-energy mass, m γ c 2 , have been determined by a variety of experiments, observations or inferences, [5] [6] [7] [8] [9] [10] ranging from m γ c 2 < 10 −18 eV to perhaps even lower limits of galactic origin, yielding m γ c 2 < 3×10 −27 eV. Whatever the case, any such upper bound remains several orders of magnitude greater than the conceivable minimum of Eq. (3). A heuristic consideration of Eq. (3) derives from the fact that mass is a continuous variable with physical dimensions and without any apparent quantization. Masses are neither large nor small in the absolute. Mass scaling poses formidable conceptual and technical challenges to renormalization in QFT. A 'zero mass' sets no scale and it is not even a mass: it is a 'zero,' as in the ideals of mathematics. Any mass is equally and infinitely large compared to 'zero.' An 'infinitesimally small' or a 'vanishing' mass is an entirely different concept. In GR, 'test particles' with vanishing mass all follow the same time-like geodesics. Null geodesics are altogether different, although needed to represent a limiting condition. There is however no definitive requirement in GR that exactly massless particles should exist in reality. In fact, Einstein disliked even the concept of 'particle' and he finally succeeded with others in proving that geodesic equations ultimately derive from GR field equations [4] . So, in either QFT or GR it would be more consistent to assume that all 'particles' have some finite mass, or none would, I suppose.
A powerful principle of local gauge invariance in QFT initially assumes that particles are massless. However, through ingenious mechanisms of symmetry breaking, massive particles are generated, except for photons and gluons, which are maintained as massless gauge bosons in the SM of elementary particles [5, 6] . The SM is a theory developed by many masters over several decades, making remarkable predictions and receiving extraordinary experimental confirmations, including the most recent discovery of a likely Higgs boson, which is indeed responsible for a spontaneous symmetry breaking mechanism of mass generation.
Still, the SM assumes from beginning to end that space and time are perfectly flat and infinite, as in Minkowski space-time. However, the space-time structure of GR is much more complicated, as in FLRW geometrodynamics. In particular, the observable universe appears to have had a beginning and develop finite horizons, while expanding with an acceleration consistent with a GR cosmological term or a 'dark energy,' according to the standard model of cosmology or -CDM [1, 2] . Thus, spontaneous symmetry breaking and other theorems in QFT that maintain the existence of massless gauge bosons in the SM cannot definitively rule out a relation such as Eq. (3).
It is often said that electric charge conservation requires massless photons. That is not necessarily so. For instance, Proca-Lagrangian electromagnetic theory for massive vector bosons allows charge conservation upon Lorenz-gauge fixing [7] . However, spontaneous symmetry-breaking of the Higgs model that derives from the original Goldstone theorem maintains exact global-phase gauge invariance and a massless photon in order to provide exact conservation of electric charge [6] . Charge conservation is one of the few remaining symmetries believed to be exact. For example, electron decay has never been observed [11, 12] . Still, minuscule violations of charge or color conservation laws may not be definitively ruled out on a cosmological scale.
Exactly massless photons or gluons are also required to make local gauge QFT's renormalizable. On the other hand, renormalization theories have already been developed to such a degree of sophistication that it is hard to say whether or not some could be further generalized to accommodate minuscule mass terms violating local gauge invariance on a cosmological scale. In fact, such terms may even help to cut off some infra-red divergencies [5, 6] .
It may also be possible to frame Eq. (2) as resulting from some kind of symmetry breaking, [13, 14] with the exact symmetry and a corresponding 'non-observable' recovered when → 0.
In Einstein's formulation of SR, constancy of the 'speed of light' or 'celerity,' c, is a central postulate assumed to yield and hold for all Lorentz transformations of the infinite Minkowski space-time. In particular, constancy of the 'speed of light' is needed in SR to synchronize all clocks at rest in any given Lorentzian frame. Yet, SR cannot account for gravity and cannot be globally exact, unless there is no matter nor energy up to infinity. When any of that is introduced anywhere, constancy of the speed of light is valid only as a first-order approximation locally in a freely falling Lorentzian frame. Therein, cosmological corrections to c const for massive photons would only be of the order of 1 2 λ 2 10 −65 for wavelengths λ of visible light, say. Thus, GR also may not definitively rule out a relation such as Eq. (3).
BE condensates of photons and gluons
According to Eqs. (1) and (3), there may thus be a BE condensate in the FLRW geometry with a number density
where l P hG c 3 4 × 10 −35 m denotes Planck length. According to that estimate, the average distance between massive bosons in a BE condensate phase is of the order of
Since the size of nucleons is of the order of 1fm, we expect that quark-gluon confinement begins at that scale, while asymptotic freedom may begin at the scale of 0.1fm. Given cancellations in the tens of orders of magnitude in performing my estimates, it is not so disappointing to find that d g is only about 16 times greater than one fermi. One still has to demonstrate, however, that in BE condensates massive photons or gluons, randomly distributed at rest on the FLRW geometry, slightly attract isotropically one another, thus contributing to the negative pressure p −ρ associated with 'dark energy.' That requires consideration of total symmetrization of a 'universe wavefunction,' entirely correlated throughout it. Total wavefunction symmetrization is generally expected to result in effective attractive potentials [15] . However, the global structure of FLRW geometry makes it very difficult to account for extreme long-range correlations while deriving local equations of state in GR.
Presumably, massive gluons are nearly non-interacting in the limit of asymptotic freedom. Yet, gluons carry color charges, except for color singlets. Gluons in color-singlet states are generally excluded, as they would mediate long-range strong interactions among hadrons, which are not observed [5, 6] . Possibly gluon complexes condense in a BE ground state as to minimally attract one another, thus providing the minimal negative pressure required in Eq. (1). However, strong relativistic gluon-gluon or gluon-quark nonlinear interactions generally require consideration of effective masses acquired through dynamical chiral symmetry breaking mechanisms [16] . By contrast, photons carry no electric charge and do not interact with each other. Thus minimal tension in Eq. (1) may more readily derive from effective attraction in the total wavefunction symmetrization for the BE ground state of photons in FLRW geometry.
Whatever the case, let us proceed to estimate the critical temperature, T c , of BE condensation of massive bosons. Assuming for their ordinary phase a nearly relativistic energy-momentum free-particle relation, cp, the density for just about all their excited states at z 1 fugacity is [15] n ex g s 4π (k B T ) 3 (hc) 3 2ζ (3).
Here g s 3 is the S 1 spin degeneracy for massive bosons and ζ (3) 1.202. Equating n ex to n g of Eq. (4) determines the threshold at which bosons begin to condense 'en masse' into the ground state. That yields
and a critical temperature
This estimate of massive boson BE condensation reaches to the end of the quark epoch, at about 10 −6 s and 10 12 K, when quarks and gluons began to confine and form hadrons. Once again, that provides a tantalizing clue. This massive gluon BE condensate would then behave like that of a near-ideal Bose gas, which differs from its antecedent, a quark-gluon plasma, which is thought to behave like a near-ideal Fermi liquid. Amazingly, both energy regions are already accessible to current accelerators, such as the Large Hadron Collider.
Components of 'dark matter'
All relations and estimates that I derived are based on considerations of 'dark energy.' However, they may also have consequences for some components of 'dark matter.' Elementary kinematic calculations with my estimates demonstrate that elastic scattering of nearly free photons or gluons in their BE condensates by non-relativistic leptons or quarks may transfer only minimal energies of the order of m g c 2 to those bosons, because of the enormous mass differential. Some components of dark matter may thus derive from 'clumping' in BE condensates of massive photons or gluons around ordinary matter. Alternatively, 'cold' non-relativistic bosons could be pulled out of those BE condensates by baryonic matter. Then massive bosons at low energies in their ordinary phase could contribute to some components of dark matter, since 'dark energy' could in principle provide virtually unlimited reservoirs for their ordinary phase production. Thus slow-moving photons or gluons could gravitate and orbit along bound time-like geodesics around compact objects, galaxies or clusters of galaxies, contributing to 'dark matter' clouds or halos around that ordinary matter. Other kinds of ultralight bosons further beyond the SM are considered as candidates for dark matter [17] . Perhaps methods of gravitational wave searches devised for their detection around black holes [18] can also be extended to even lighter SM bosons that I propose. Given the precise parameters provided in Eqs. (3) and (4), any number of GR simulations could be run to investigate whether such SM bosons could account for any contribution to 'dark matter' structure in the formation of galaxies or clusters of galaxies. However, extensive studies and reviews of ultralight scalars makes them more likely candidates of dark matter components [13] .
What about gravitons?
Gravitational waves have been extensively demonstrated and recently also directly detected. Gravitational waves propagate virtually at speed c and S 2 gravitons are presumed to be their carrying quanta. May gravitons also have a mass m g of the order required by the 'minimal cosmological quantum-localization principle' expressed in Eq. (2)? If they did, gravitons could be ideally 'cold' constituents of both 'dark matter' and 'dark energy.' On the other hand, gravity still appears to be profoundly different from the electro-weak and strong interactions considered in QFT. Whether gravitational waves may or may not propagate exactly at the 'speed of light' is a matter for further speculation or inquiry [8, 19] .
Prospects
Literature regarding scalar field dark matter (SFDM) or fuzzy DM is of particular interest [13, [20] [21] [22] [23] . That may involve a relativistic scalar field theory with gravity, satisfying an Einstein Klein-Gordon equation derived from a corresponding action integral. Particle quanta of the scalar field φ are estimated to have a mass of the order of m φ c 2 ∼ 10 −22 eV, in order to address problems arising from numerical simulations and studies based on standard -CDM models, which predict cusped central halo densities and too many sub-halos and satellite galaxies, contrary to observations. Elaborate theories of BE condensates of SFDM have been developed. Ultra-light scalars, which exists as BE condensates, can behave as a cosmological constant when the mass of the scalar field is small compared to the Hubble parameter, while acting as dark matter when that mass becomes comparable to the Hubble parameter, all in natural units. Still, axions in the most appropriate mass range primarily contribute to dark matter, rather than dark energy [13] . Nevertheless, it may be possible to extend advanced mathematical formulations of SFDM or fuzzy DM theories to a massive vector boson field φ μ such as I consider to contribute primarily to dark energy: see, for instance, Refs.
[97-101] as quoted in Ref. [22] . Such more advanced mathematical formulations are beyond the scope of this paper, but not that of current expertise [13, [20] [21] [22] [23] ].
Conclusions
In conclusion, I have proposed a conjecture of non-zero standard-model photon or gluon bare masses based on quantum-mechanical localization at a cosmological scale.
That entails the formation of massive boson Bose-Einstein condensates at rest in a freely-falling comoving Friedmann-Lemaitre-Robertson-Walker geometry. I have derived tantalizing results that set the inter-particle distance in these condensates almost at the nucleon scale and a corresponding critical temperature of condensation almost at the end of the quark epoch or the beginning of quark-gluon confinement. Gluon complexes may have to be considered for their Bose-Einstein ground state, whereas a condensate of single massive free photons may more readily form. More advanced mathematical formulations developed to study scalar field or fuzzy dark matter in particular [13, [20] [21] [22] [23] may be further applied to massive vector boson fields such as I consider to contribute primarily to dark energy.
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